We discuss the reduction of N = 2 supergravity to N = 1, by a consistent truncation of the second gravitino multiplet.
, 1 any theory with N supersymmetries can be regarded as a particular case of a theory with a number N ′ < N of supersymmetries [1] . To prove this it is sufficient to decompose the N supersymmetry-extended multiplets into N ′ -multiplets. Of course N-extended supersymmetry is more restrictive than N ′ < N supersymmetry implying that the former will only allow some restricted couplings of the latter. As we are going to show, the same argument does not apply to supergravity theories [2] . Indeed, let us consider a standard N-extended supergravity with N gravitini and a given number of matter multiplets: then the N ′ -extended supergravity obtained by reduction from the mother theory will no longer be standard because a certain number N − N ′ of spin 3 2 multiplets appear in the decomposition. To obtain a standard N ′ -extended supergravity one must truncate out at least the N −N ′ spin 3 2 multiplets and all the non-linear couplings that they generate in the supergravity action.
Here I will report on the truncation of N = 2 matter-coupled supergravity theory to N = 1, showing that the reduction does indeed imply the truncation of part of the matter content, besides of the second gravitino multiplet. The present discussion is based on [2] . A more detailed analysis, with proofs of consistency, and including the truncation of N = 8 supergravity down to general N theories can be found in [2] to which I refer also for the notations and conventions and for a complete list of references.
The supersymmetry reduction N = 2 → N = 1 is obtained by truncating the N = 1 spin 3/2 multiplet containing the second gravitino ψ µ2 and the graviphoton.
Let us write down the supersymmetry transformation laws of the fermions for the N = 2 theory, up to 3-fermions terms [3] :
where:
µ|A ǫ B +Q µ ǫ A , with the SU(2) and U(1) 1-form "gauged" connections respectively given by:ω
(∂ I Kdz I − ∂ĪKdzĪ ) being the SU(2) and U(1) connections of the ungauged theory. T − µν appearing in the supersymmetry transformation law of the N = 2 left-handed gravitini is the "dressed" graviphoton defined as:
while
are the "dressed" field strengths of the vectors inside the vector multiplets (the "minus" apex means taking the self-dual part.). Moreover the fermionic shifts S AB , W I AB and N A α are given in terms of the prepotentials and Killing vectors of the quaternionic geometry as follows:
Since we are going to compare the N = 2 reduced theory with the standard N = 1 supergravity, I also quote the supersymmetry transformation laws of fermions in the latter theory [4] , [5] . We have, up to 3-fermions terms: N = 1 transformation laws
whereQ is defined in a way analogous to the N = 2 definition and:
and
are the superpotential, Kähler potential, Killing prepotential and vector kinetic matrix respectively [5] , [4] , [6] . Note that for the gravitino and gaugino fields we have denoted by a lower (upper) dot left-handed (right-handed) chirality. For the spinors of the chiral multiplets χ, instead, left-handed (right-handed) chirality is encoded via an upper holomorphic (antiholomorphic) world index (χ i , χī). To perform the truncation we set A=1 and 2 successively, putting ψ 2µ = ǫ 2 = 0, and for the gravitino we get, from equation (1):
while, for consistency:
Comparing (9) with (15), we learn that we must identify ψ 1µ ≡ ψ •µ ; ǫ 1 ≡ ǫ • . Furthermore, g S 11 must be identified with the superpotential of the N = 1 theory, that is to the covariantly holomorphic section L of the N = 1 Kähler-Hodge manifold. Therefore we have [7] 
As it has been shown in [2] , after consistent reduction of the special-Kähler manifold M SK and of the quaternionic σ-model M Q , L is in fact a covariantly holomorphic function of the Kähler coordinates w s of the reduced manifold M KH ⊂ M Q and of some subset z i ∈ M R of the scalars z I of the N = 2 special-Kähler manifold M SK . Furthermore, for a consistent truncation we must set to zero all the following bosonic structures:
As it has been proven in [2] , equations (17) and (18) are "orthogonality" conditions on the scalar sectors of N = 2 supergravity which imply a reduction of both special Kähler manifold (M SK (n V )) [8] , [9] , [10] , [3] and quaternionic manifold (M Q (n H )), where n V and n H are the number of vector multiplets and hypermultiplets respectively, and imply therefore a truncation of part of the matter multiplets. We note that similar orthogonality conditions, leading to the same reduction of the matter content of the theory, can be found through a complementary analysis, by looking at the 3-fermions terms in the transformation laws, instead of at the bosonic ones [11] .
Equation (17) is satisfied by imposing a suitable constraint on the set of vectors and of scalar sections which can be retained in the reduction. Indeed, if we decompose the index Λ labelling the vectors into two disjoint sets Λ ⇒ (Λ, X), Λ = 1, · · · , n ′ V = n V − n C ; X = 0, 1, · · · , n C , we may satisfy the relation (17) as an "orthogonality relation" between the subset Λ running on the retained vectors and the subset X running on the retained scalar sections. That is we set:
We note that if we delete the electric field strengths F −X we must also delete their magnetic counterpart G − X =N XY F −Y +N XΣ F −Σ = 0 so that we must also impose N XΣ = 0. Then, the constraint (21) reduces to ImN ΛΣ L Σ = 0 which implies
since the vector-kinetic matrix ImN ΛΣ has to be invertible. Note that condition (22) implies a reduction of the N = 2 scalar manifold M SK → M R , since it says that some coordinate dependent sections on M SK have to be zero in the reduced theory. Let us now quote the reduction of the gauginos transformation law. When ǫ 2 = 0 we get, up to three fermions terms:
From eqs. (23) and (24) we immediately see that the spinors λ I1 transform into the scalars z I (and should therefore belong to N = 1 chiral multiplets) while the spinors λ I2 transform into the matter vectors field strengths G −I µν (and should then be identified with the gauginos of the N = 1 vector multiplets). Let us decompose the world indices I of the N = 2 special-Kähler σ-model as follows: I ⇒ (i, α), with i = 1, · · · , n C , α = 1, · · · , n ′ V = n V − n C , where n C and n ′ V are respectively the number of chiral and vector multiplets of the reduced N = 1 theory while n V is the number of N = 2 vector multiplets. By an appropriate choice of coordinates, we call z i the coordinates on M R , z α the coordinates on the orthogonal complement. Then it is easy to see that the metric g IJ has only components g i , g αβ , while g iᾱ = 0. Then, if we decompose the gauginos λ I2 ⇒ (λ i2 , λ α2 ), the above truncation implies, by supersymmetry, λ i2 = 0 and, for consistency,
Setting G −i µν = 0 gives:
implying
Moreover, W i21 = 0 implies P 3 Λ = 0, k iΛ = 0. Note that the integrability condition of equation (27) is:
where C ijk is the 3-index symmetric tensor appearing in the equations defining the special geometry (see e.g. ref. [12] , [3] ). Since the first term on the r.h.s. of equation (28) is zero on M R (equation (27)), equation (28) is satisfied by imposing: :
Let us now note that the scalars in N = 1 supergravity must lie in chiral multiplets, and span in general a Kähler-Hodge manifold. It is therefore required that the holonomy of the quaternionic manifold be reduced:
. Therefore the SU(2) and the Sp(2n H ) indices have to be decomposed accordingly. We set α → (I,İ) ∈ U(1) × SU(n H ) ⊂ Sp(2n H ) and the symplectic metric I C αβ reduces to I C IJ = − I CJ I = δ IJ . From equation (30) we see that the constraint (18) for involution is satisfied iff U 1I ∧ U 1İ = 0 that is if, say, the subset U 2I = U 1İ * of the quaternionic vielbein is set to zero on a submanifold M KH ⊂ M Q . When this condition is imposed, the submanifold M KH has dimension at most half the dimension of the quaternionic manifold and the SU(2) connection is reduced to a U(1) connection, whose curvature on M KH is:
so that the SU (2)-bundle of the quaternionic manifold is reduced to a U(1)-Hodge bundle for the n H dimensional complex submanifold spanned by the n H complex vielbein U 1I . The truncation corresponds therefore to select a n H -complex dimensional submanifold M KH ⊂ M Q spanned by the vielbein U 1I and to ask that, on the submanifold, the 2n H extra degrees of freedom are frozen, that is:
In order to consistently impose the constraint U 2I = 0, it is necessary to check its involution:
Eq. (32) implies that we must set to zero, for a consistent reduction, also the "offdiagonal" part of the Sp(2n H ) connection, ∆ IJ . This in turn implies a constraint on the four-fold symmetric tensor Ω αβγδ appearing in the symplectic part of the quaternionic curvature [2] :
Finally, let us look at the reduction of the hypermultiplets transformation laws, after imposing (18). They become, after putting ǫ 2 = 0:
Equations (34) show that the fermionic partners of the retained scalars U 1I are the spinors ζ I , while the partners of the scalars U 2I which have to be dropped out are the spinors ζİ. Consistency of the truncation then imposes that the gauging contribution gN 1 J has to be zero on the reduced N = 1 theory.
In the sequel, we just quote the main results on the gauged theory, which are extensively discussed in [2] . The truncation N = 2 → N = 1 implies, on the gauged theory: -The D-term of the N = 1-reduced gaugino λ Λ = −2f Λ i λ i2 is:
-The N = 1-reduced superpotential, that is the gravitino mass, is
and is a holomorphic function of its coordinates z i and w s . -The fermion shifts of the N = 1 chiral spinors χ i = λ i1 coming from the N = 2 gaugini are N i ≡ gW i11 = 2g i ∇L. -The fermion shifts of the N = 1 chiral spinors ζ s = √ 2P I,s ζ I coming from N = 2 hypermultiplets (P I,s are the scalar vielbein on M KH ) are
ss ∇sL. Furthermore, the consistency of the truncation of the second gravitino multiplet δψ µ2 = 0 and of the spinors ζİ in the hypermultiplets sector for the gauged theory gives the gauging constraints:
If we call G (2) the gauge group of the N = 2 theory and G (1) ⊆ G (2) the gauge group of the corresponding N = 1 theory, then we have that the adjoint representation of G (2) decomposes as Adj(G (2) ) ⇒ Adj(G (1) ) + R(G (1) ), where R(G (1) ) denotes some representation of (G (1) ). The gauged vectors of the N = 1 theory are restricted to the subset {A Λ } generating Adj(G (1) ) (that is, with the same decomposition of the ungauged theory, we set Λ → (Λ, X), with Λ ∈ Adj(G (2) and X ∈ R(G 
